A closed linear operator A in a Banach space X is said to be non-negative if (0, oo) is contained in the resolvent set of -A and if A(A+A)-' is uniformly bounded for 0 < A < oo. This is a short supplement to the third paper of the author's series on fractional powers of non-negative operators A and mainly concerned with the potential operator associated with A, which is by definition the inverse A=' of the restriction A_ of A to the closure R(A).
A typical result is the Abel and the Cesaro (the Cauchy) convergence of the integral formula A='x = Tsx ds 0 when -A is the infinitesimal generator of a bounded continuous (analytic resp.) semi-group Tt. A related integral formula of Aa with Re a < 0 is also investigated. § 1. Potential operators.
Suppose that -A generates a bounded continuous Banach space X. Then for 2 > 0 we have
Letting A --> 0, we may expect that In other words, (1.2) holds in the sense of Abel. The purpose of this paper is to obtain more results in this direction.
In spite of Yosida's definition, we define the potential operator associated with a non-negative operator A to be the inverse A_1 of its restriction A_ to R(A). We know that A_ is one-to-one by the Abelian ergodic theorem 
of [3]) that x belongs to R(A). Since R(A) is invariant under Tt, y is also contained in R(A). Now, applying [3], Lemma 1.2, we have P(6+1)t-°I z6+1'x E D(A) and
The Cesaro ergodic theorem shows that the second term converges to zero as at -~ oo. Thus, we have y E D(A) and Ay = x. Conversely suppose that x = Ay. Then I'(o+1)t-°I r~+1)x = y_P(y+1)t_0Jt~>y converges to y, for y is in R(A). THEOREM 1.3. Let -A be the infinitesimal generator of a bounded analytic semi-group Tt.
I f there is a sequence t; -> oo such that 0 However, the Cesaro summability of (2.1) does not hold in general. We consider the case where a = -2 and 6 =1.
We have z (t-s)sTsx ds = -2I ~3)x+ tI ~2)x . 
